Math 2552D Name: M

Spring 2017 /
Exam 1

9 Feb 2017

Time Limit: 80 Minutes

This exam contains 8 pages (including this cover page) and 6 questions. There are 55 points
in total. Write explanations clearly and in complete thoughts. No calculators may be used.
Put your name on every page. You must include units on quantities that carry units.
There is no need to simplify arithmetic expressions.

Grade Table
Question | Points | Score
1 8
2 12
3 12
4 8
5 9
6 6
Total: 59

Formal Symbols Crib Sheet

f:A— B function with domain A & codomain B | N natural numbers
fog composition of functions Z integers

f= inverse function Q rational numbers
lim,_,, limit as = approaches a R real numbers
lim,_, .- limit from below (a,b) open interval a to b
limg_,q+ limit from above [a,b] closed interval a to b
c subset of € element of

N intersection u union

— maps to f derivative

% derivative with respect to =
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Derivatives Crib Sheet

For constant @ € R and arbitrary real functions f and ¢
Function | Derivative | Function | Derivative

a 0 af af’
f+g f'+d fg f'g+fg
L Lols fog | (fog)d
f—l # Tt axa—l
a® a®lna log,, |z| ——
sinz COST csC T —cscrcotx
COST —sinz secz secztanz
tan sec” T cot T —csch

T =1

arcsinz m arccscr m'
arccos T = arcsecr |r|7;5'-'-7
1

=N

arctanz 112 arccotr T
sinhz coshz cosh z sinh T

Geometry Crib Sheet
Pythagorean Identity a® 4 b* = ¢?

Circle: radius r A=nr? c=2nr

Box: dimensions z, y, z V = zyz A=2yz+zrz+ zy)
Sphere: radius r V= xr® A = 4mr?
Right pyramid: height & dim z,y V = thzy A=zy+z/(y/2)* + h2 +y/(z/2)* + h°®
Cylinder: height & radius r V = whr? A=2nr(h+7)
Right Cone: height h radius r V= g-hrz A=ar (r + /72 + h?
Torus: radii R> r V = 2n%r’R A =d4m*rR
Tetrahedron: edge V= #3-:53 A= /32
Octahedron: edge z V= ?z"’ A =2/3z2
Dodecahedron: edge = V= %’gmﬂ‘ A =320 + 10v/52>
Icosahedron: edge x V= wml‘ A = 5/3z?




Name: Math 2552D 9 Feb 2017

1. (a) (2 points) How many solutions can a first order differential equation have if an
initial condition is specified?

A. infinity many
B. finitely many
C. exactly one
D. none
y of the above

(b) (3 points) For what points (tg, yo) is the initial value problem y(¢y) = yo and
Y =(1-8-y3

guaranteed to have a unique solution? ,?%ﬁ = )/ ( l___(:.z_y z)

= fa-/—; wre contiauns

_—

¢,y <1

B

.

(c) (3 points) What type of equation is eqution 17 Circle the correct descriptors below.

y" +t3y = ysint + 10 (1)
(a) Equation 1 has order 2
((b) LINEAR NONLINEA
(c) AUTONOMOUS NONAUTONOMOUS
(d} HOMOGENOQUS HOMOGENOUS with inhomogeneity /O
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2. (a) (3 points) Is equation 2 exact? Why or why not?

tsin (y® +t*) + (t +ysin (¥ + )y = -y (2)
_f(/—[-s,,j/-c--{-) )j /+ 2,7‘@5(‘(“-{-)«")
% 2r(tysueue)= [+ BT @s@y)
Yes| T is ot sa 8-

(b) (3 points) Equation 3 is exact. Find a quantity conserved by solutions to equation

3.
2yx+i+( l)131=0 (3)

dz
v

xy) = ;’x 3

(c) (3 points) Give the general solution to equation 3.

I X"iYX frsome SR

(d) (3 points) Equation 4 can be made exact after multiplying by an integrating factor.
What integrating factor should be used?

t%e¥ + ( tae”+t)y—0 ; (4)

o tz ¢ (g'('c 2‘t>
T thelett 2

ot sl
Z/ace fnﬁ@ﬂfz ',74(6” /L{ -
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(a) (3 points) Sketch the phase portrait in the y-y’ plane for the equation 3’ = y* — 2.
(b) (3 points) Sketch a slope field and some solutions to the equation 3’ = y* — 3%
(c) (3 points) What are the equilibrium points for y7 What is the stability of each

"
f’l 8%4;

{(d) (3 points) Describe the long term behavior of solutions in terms of the initial con-
dition y(0) = yq.

/é )

t1>°

o0 /JL Jo >/
N
o 1'7[' />jaa O

-
-

= i p<0
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4. A 100 gallon tank is cylindrically shaped with . The tank starts with 50 gallons of water
and 3 lbs of salt. 2 gallons per minute of saltwater at a concentration of 0.1 1b/gal.
When the tank is full, a pressure valve allows 2 gallons per minute of mixed fluid out.

(a) (3 points) Set up a differential equation governing the concentration of salt in the

tank from time 0 until 25 minutes.
Veo = SO+ 2+t

S&V )/
#S @v+VG2 5%20.2./@:‘

= 02 B Q(‘J‘Oﬂf);‘f + Z MMQ_

_ 0.2 |
= i% - 502:2-(; Q T Soi2f %"’"‘

(b) (2 points) Give an initial condition at ti
| wlve an ikl condilion ag

2 U
( Q) = =

(c) (3 points) Set up a differential equation governing the concentration of salt in the
tank after 25 minut:es

clt . = (.2 ’éé‘/m, —%3/
02 Uy 20

j: 02 -——. = %miﬂ —

oo
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5. (a) (3 points) Use Euler’s method with step size A = 1 to estimate y(2) if ¥(1) = 3 and
¥ = 2 + y. Be sure to make each piece of your calculation clear!

’éiylzys’

f/54

14 [ AT (2.)=
9 = I (j%r) ?

(b) (3 points) Use Euler’s improved method to obtain a better estimation of y(2)

— : 4+l g
,Lvufmm/ 5[6,96'- > = !-5_-_ S
(2) = 3+ = =[/0.5

el
o ——

(c) (3 points) Suppose that a differential equation 3 = f(y,t) is difficult to solve, but
we are sure that |y} < 10 and |¢/| < 20 and |¢”’| < 30. What step size h should be

used to make sure the local trucation error is less than Wlo?

h'Z.
_—Z_.—'-' SO -<\ /oo

= h < [
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6. (a) (3 points) Find the implicit general solution to

dy t2
dt  1-12 y?

b )y S
=3t+C f

JY ;

ESTN |

-

(b) (3 points) Solve the initial value problem with (0} = 1.




