Math 2552D Name:
Spring 2017

Final Exam

2 May 2017

Time Limit: 2:50-5:40

This exam contains 13 pages (including this cover page) and 9 questions. There are 58 points
in total. Write explanations clearly and in complete thoughts. No calculators may be used.
Put your name on every page. You must include units on quantities that carry units.
There is no need to simplify arithmetic expressions.
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Formal Symbols Crib Sheet

f:A— B function domain A & codomain B | N natural numbers
fog composition of functions Y/ integers

ft inverse function Q rational numbers
lim,_,, limit as x approaches a R real numbers

R™ size n real vectors R™™ size n X m real matrices
lim, ., limit from below (a,b) open interval a to b
lim, o+ limit from above [a, b] closed interval a to b
C subset of € element of

N intersection U union

> maps to 1 derivative

4 derivative with respect to x L[f]  Laplace transform of f
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Derivatives Crib Sheet
For constant a € R and arbitrary real functions f and g
Function | Derivative | Function | Derivative
a 0 af af’
f+g f'+g fg f'g+ fg
P B | feg | (oo
f—l f’o;—l 7% Can—l
a® a®lna log, |z| 4
sin COS T cscx —cscxcotx
Cos ¥ —sinx secx secrtanx
tan sec? cot —csclx
arcsin x \/1177 arcescr Wng
arccos & 1__1$2 arcsecr Wﬁ
arctan x 1 +1I2 arccotz ﬁ
sinh x cosh z cosh z sinh z
Laplace Transform £
’ Time \ Frequency H Time \ Frequency
f(t) L[f](s) L7F(t) F(s)
f+yg L[f]+ L]g] cf cL[f]
f/ sﬁ[-f] — f(O) f(n) sF(s) — s"TLf0) — ... — f(n=D(p)
tf(t) ;%F(S) t"f(t) (=) F™(s)
e—st
J@O) = f+T) | DL ag(t) =a s e LIf1 L[
ot e 7 (D) Fas)
1 L It —c) e
+ ) F(s— )
tm sfﬁ t? for p > —1 %
sin wt sQ—L:wQ cos wt ﬁ
sinh at ﬁ cosh at ﬁ
u(t —c) e u(t —c)f(t—c e “L[f()](s)

S
Heaviside unit step function u, Dirac delta §, gamma function I'

Pythagorean Identity: sin?#@ 4 cos?4 = 1
Euler’s Identity: e = cosf +isin@
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1. Consider the direction field for a two dimensional system of first order differential equa-

tions shown below.
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(a) (3 points) Is the differential equation linear or nonlinear? How do you know?

Solution: The equation is nonlinear. It cannot be linear since it appears to
have fixed points at (5,4) and (3,6) and the direction field is not parallel along

subspaces.

(b) (3 points) Suppose that the differential equation above is given initial condition

<§> Estimate lim;_,, x(¢).

Solution: We can estimate

i x0 = ()

by tracing curves tangent to the direction field.

(¢) (4 points) Which of the following are possibly problems with the numerical solution
z(t) = ¢(t) to a differential equation & = f(z,t) with initial condition x(ty) = zq
estimated via FEuler’s method? Circle ALL the true statements.

A. If the equation is chaotic, then small changes in small round off errors
might result in radically different results.

B. If the second derivative ¢” is bounded, the local truncation error may
grow exponentially in the step size.

C. If the step size is too large, it is possible that the numerical solution could
erroneously cross a separatrix in phase space.



Name: Math 2552D 2 May 2017

D. If f or g—x have a discontinuity at ¢; > ty, there may not be a unique
solution for ¢ > t;.

Solution: Statements A, C, and D are true. Statement B is false since for step size
h the local truncation error is bounded by %W’ |h?. So the local truncation error
grows at most quadratically in the step size.
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2. (6 points) Find the general solution to the differential equation by any method.

y' =2y +y =06l

Solution: The characteristic polynomial is A — 2\ + 1 = (A — 1)2. So we have
the homogeneous part of the solution set is spanned by e and te!. To find an
inhomogenous solution we use the method of undetermined coefficients. Since the
inhomogeneity is a first degree polynomial, we guess a solution of the form y, =
At 4+ B. Then

Yy — 2y, + yp = At + B — 2A = 6t

forces A = 6 and B = 12. Then general solution is thus
y = cre' + cote’ + 6t + 12

for any c1,co € R.
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3. (9 points)
13 25 0 520 -3 10 520\ "
A= -4 70 = 2 1 0 0 -3 0 210
0O 0 4 0 0 1 0 0 4 0 01

(a) Compute the matrix exponential e/,

linearly independent solutions

X(t)

et = X ()X (0)

so that we can form fundamental matrix

Se 3t e73(2 + 5t)
2e73t 731 + 2t)
0 0

Solution: From the Jordan Form of the matrix above we see that there three

0
0

€4t

whose columns span the solution space. Then the matrix exponential is

e ¥ e 2451 0\ /5 2 0
2e73 e 3(1+2t) 0 2 10
0 0 et 0 01
5e73 e 3(2+5t) 0 f1 —20
2e73 eB(1+2t) 0 i -2 5 0
0 0 et 0 0 1
(1 —10t)e3t 25te 3t 0
—4te3 (1+10t)e™3 0
0 0 et

(b) Compute the solution to the differential equation X = Ax if x(0) =

)
2
2
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4. (6 points) Choose one of the following 3 differential equations below and give the general
solution. Circle the equation you are solving.

1 %+ 2=Inl

2. 9 — (1 - 3w)

3. (Inftv] + )2 =12

Solution: 1.) The equation is linear so we multiply through by integrating factor
e/ ¥ =t to obtain tIn|t| = t% 4 » = 4 (tz) so that = = 1 [tIn|t|dt integrate by
parts to obtain

tl ] t+c
z==Inlt| — -+ -
2 4t
for any constant ¢ € R.

2.) The equation is separable so we have either w = 0 or 1/3 or f 1 3w) f dt =
t + c¢. We can integrate by using partial fractions

dw 1 3
[ = dw =1In|w| —In|1 — 3 ~1
/w(1—3w) /w+1—3w w=lnfw] = In| wl+co =1In

w
1—3w

“FCQ

Then setting A = e we have 45— = Ae! and we solve for w to find the general

solution
t) Aet 1
w(t) = ———— or =
14 3Aet
for any A € R.
3.) The equation is exact. Suppose that the solutions are the level sets of a potential
function ¢. We have that 2t = ¥ — 1. Then ¢(v,t) = vint — t + g(v) for some
function g of v only. Comparlng two expressions for 2 5,¢ we can solve for g.
0
g ) = o —Injt|=In|vt|+1—In|t| =In|v|
v

so that g(v) = vln |v] — v and the general solution is

c=v(v,t)=vin|vt| —t —v

for any constant c.
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5. (6 points) Consider the periodic function g : [0,00) — R with period 4 given by

{e—5t if + € [0,4)

g(t —4n) if t € [4n,4n + 4) for any positive integer n

g(t) =

Compute the Laplace transform L][g].

Solution: Use the Laplace periodicity rule.

4 5t st
Ll = 2
f04 e~ (st5)t gt
EEEr=
_6—(s+5)t|4
(5 4+5)(1 —e )
1 — e—4(s+5)

(54 5)(1 —e )
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6. (6 points) Compute the inverse Laplace transform £7'[H] of the frequency function

2e7°

Solution: Use the Laplace rule for the Dirac delta function, the unit step function,
and multiplication by exponentials.

CVH] (8) = 45() + £ [%} )

=40(t) +u(t—1)L [ )3} t—1)
= 46(t) + u(t — 1)e 3¢Vt { ] (t—1)
= 45(t) + u(t — 1)e 3Dt — 1)
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7. (6 points) An investment account is opened with $1000 on Jan 1, 2017. The account
pays an annual 5% continuously compounded interest rate. Continuous withdrawals are
made at a rate of $100 per year. A large deposit of $3,000 is made on Jan 1, 2020. Write
an initial value problem to model the value of the account at all time after it is opened.
What are the quantities described by all of your variables and what units do they carry?
You do not need to solve your equation, only explain it.

Solution: Let S(t) be the value of the account at time ¢ measured in years from
Jan 1, 2017. We have that S(0) = 1000 and the derivative is given by
as

=058 100 + 30008(¢ — 3)
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8. (9 points) An undamped spring with a 2kg mass and a 8N /m Hooke coefficient is initially
stretched 1 meter up from equilibrium then released with zero initial velocity. After 30
seconds, an exponentially decaying force of 16e~2(*=39) N is applied to the mass at time
t > 30. Compute the position of the spring (as measured from the equilibrium) for all
positive time. (Hint: You may find the partial fraction decomposition below helpful.)

1 1 1 —s+a

(s +a)(s?+b?) _a2+b25—|—a+a2—|—b232+b2

with y(0)

SO

Llyl(s) =

Solution: Let y(t) be the displacement of the mass from equilibrium at time ¢. The
equation of motion is

2" + 8y = 16e~ 230 (¢ — 30)

1 and 3/'(0) = 0. Divide out the common 2 and take the Laplace
transformation of both sides.

Ly +4y|=L [86_2(t_30)u(t —30)]
S2L[y| (s) — s +4L[y] (s) = 8e3%L [e_%] (s)

(s> +4)L[y] (s) — s = 8e 205 ——

s+2

5 30s 8
s? 44 (s+2)(s2+4)

_ s +€_308< 1 N —3+2>
5?2 +4 s+2  s2+4+4
= L[cos 2t](s) + e L [e™* — cos 2t + sin 2t] (s)
= L [cos 2t + u(t — 30)(e 273 — cos2(t — 30) + sin 2(t — 30))] (s)

y(t) = cos 2t + u(t — 30) (6_2(t_30) — cos2(t — 30) + sin 2(t — 30))
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9. BONUS: Name one of the mathematicians whose ideas we discussed this semester. What
was their idea?



