
Math 1551M2 Name:
Fall 2017
Exam 2
20 October 2015
Time Limit: 50 Minutes

This exam contains 7 pages (including this cover page) and 5 questions. There are 40 points
in total. Write explanations clearly and in complete thoughts. No calculators or notes may
be used. Put your name on every page.

Grade Table

Question Points Score

1 9

2 5

3 9

4 9

5 8

Total: 40

Formal Symbols Crib Sheet
f : A→ B function with domain A & codomain B N natural numbers
f ◦ g composition of functions Z integers
f−1 inverse function Q rational numbers
limx→a limit as x approaches a R real numbers
limx→a− limit from below (a, b) open interval a to b
limx→a+ limit from above [a, b] closed interval a to b
⊂ subset of ∈ element of
∩ intersection ∪ union
7→ maps to f ′ derivative
d
dx

derivative with respect to x
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Derivatives Crib Sheet

For constant a ∈ R and arbitrary real functions f and g
Function Derivative Function Derivative

a 0 af af ′

f + g f ′ + g′ fg f ′g + fg′

f
g

f ′g−fg′
g2

f ◦ g (f ′ ◦ g)g′

f−1 1
f ′◦f−1 xa axa−1

ax ax ln a loga |x| 1
x ln a

sinx cosx cscx − cscx cotx
cosx − sinx secx secx tanx
tanx sec2 x cotx − csc2 x

arcsinx 1√
1−x2 arccscx −1

|x|
√
x2−1

arccosx −1√
1−x2 arcsecx 1

|x|
√
x2−1

arctanx 1
1+x2 arccotx −1

1+x2

sinhx coshx coshx sinhx



Name: Math 1551M2 20 October 2015

1. (a) (3 points) Find all the points where the function f(x) = |4−
√
x| is differentiable.

Explain your answer.

First note that f is only defined for non-negative numbers. Since the absolute value
function is not differentiable at 0, we should check differentiability when x = 16,
since 4 −

√
x = 0. Note that lima→16+

f(a)−f(16)
a−16 = d

dx
(4 −

√
x)|x=16 = −1

8
and

lima→16−
f(a)−f(16)

a−16 = d
dx

(
√
x − 4)|x=16 = 1

8
so the graph of f has a sharp point at

x = 16.

So f is differentiable at all the positive numbers, except for 16. In interval notation
f is differentiable on (0, 16) ∪ (16,∞).

(b) (6 points) Which of the following is equal to the derivative f ′(a) of the function f
at the point a ∈ R? Circle ALL that apply.

A. the slope of the line tangent to the graph of f at the point (a, f(a))

B. limb→a
f(b)−f(a)

b−a
C. the angle between the x-axis and the line from (0, 0) to (a, f(a))

D. the instantaneous rate of change of f at a

E. the average rate of change of f over the interval (0, a)

F. the negative reciprocal of the slope of the line normal to the graph of f
at the point (a, f(a))

Choices A, B, D and F are true.
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2. (5 points) The data table below contains some values of real functions f and g and their
derivatives f ′ and g′ evaluated at different values of x.
x f(x) f ′(x) g(x) g′(x)
0 2 3 7 -5
1 3 2 5 -1
2 6 1 3 0
3 7 2 1 -1

(a) What is the derivative of the sum f + g at 0?

(f + g)′(0) = f ′(0) + g′(0) = 3− 5 = −2

(b) What is the derivative of the product fg at 1?

(fg)′(1) = f ′(1) · g(1) + f(1) · g′(1) = 2 · 5 + 3 · −1 = 7

(c) What is the derivative of the composition f ◦ g at 3?

(f ◦ g)′(3) = f ′(g(3)) · g′(3) = f ′(1) · −1 = −2

(d) Remember that the inverse function of g is written g−1. Find a point where g−1 is
not differentiable.

Since g′(2) = 0 it must be that (g−1)′(3) = 1
g′(g−1(2))

= 1
g′(2)

does not exist. So g−1

is not differentiable at 3.

(e) What is the average rate of change in g over the interval (0, 3)?

g(3)− g(0)

3− 0
=

1− 7

3− 0
= −2
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3. (a) (3 points) Compute the derivative

d

dx
(sin(x) sin(x) sin(x)) =

d

dx
(sinx)3 = 3(sinx)2 cosx

(b) (3 points) Compute the derivative

d

dx
(sin (sin (sin(x)))) =

d

dx
(sin (sin (sin(x)))) = cos (sin (sin(x))) cos (sinx) cos(x)

(c) (3 points) Compute the derivative

d

dx

(
arctan(x)

ln(x)

)
=

d

dx

(
arctan(x)

ln(x)

)
=

1
1+x2 lnx− arctan(x) · 1

x

(lnx)2
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4. Suppose that a object moves vertically with height h(t) = (3t− 1
3t

)2 in meters, where t
is measured in time.

(a) (3 points) Find the instantaneous velocity of the object at any time t.

The instantaneous velocity is

h′(t) = 2

(
3t− 1

3t

)(
3 +

1

3t2

)
= 18t− 2

9t3

(b) (3 points) Find the average velocity of the object between time 1/3 sec and 1 sec.

h(1)− h(1/3)

1− 1/3
=

(3− 1/3)2 − 0

2/3
=

32

3

(c) (3 points) Find the acceleration of the object at any time t.

The acceleration is the second derivative of position

h′′(t) =
d

dt
(18t− 2

9t3
) = 18− 2

3t4
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5. (8 points) Consider the curve in the x-y plane defined by all the points (x, y) that satisfy
the equation

y + 2x

3
= e−(y−x)

2

Compute the equation of the tangent and normal lines to the curve at the point (1, 1).

If we differentiate with respect to x on of both sides of the equation we get

y′ + 2

3
= e−(y−x)

2 · −2(y − x) · (y′ − x)

which we want to solve for y′ when x = y = 1. Plugging in x = y = 1 we have

y′ + 2

3
= e−0

2 · 0 · (y′ − 1) = 0

so y′ = 2.

Then the tangent line has equation

y − 1 = −2(x− 1)

The normal line is perpindicular to the tangent line, so it’s slope is − 1
−2 = 1

2
and it

passes through the same point (1, 1) so it has equation

y − 1 =
1

2
(x− 1)


